In the framework of gravitational models obtained from the Geometric Inflation's proposal, where an infinite tower of curvature scalars are included into the action, we compute the slow-roll parameters by the Hubble slow-roll approach. We test the viability of such models as inflationary scenarios, focusing on the tensor-to-scalar ratio, r, and spectral scalar index, n s , relation. We find that all models considered here produce inflation and, most of them coincide, some better than others, with the marginalized 95% CL region given by Planck's data collaboration.
It is a well-known fact that the inclusion of higher curvature corrections can modify the initial expansion of the Universe. The most relevant example for this is the addition to the General Relativity (GR) action of a R 2 term, performed by Starobinsky [8] . It is worth to mention that observations of the ratio of tensor to scalar modes, r, seem to be in a good agreement with the predictions of Starobinsky inflation [4] , nevertheless, the transition to late Universe is not well supported under such a model [9, 10] .
In [11] , a cubic term in the curvature invariants is added as a correction to GR for cosmology, soon after a quartic and quintic term is considered in [12] , and in [13] the theory is generalized to an infinite tower of curvature scalars. This addition shares some nice properties with GR, as the existence of Schwarzschild-like solutions and no-hairy black holes, degrees of freedom propagating (in a vacuum) that correspond to the standard graviton, and, moreover, a well-behaved cosmology as an initial value problem with second-order Friedmann equations for a homogeneous and isotropic universe.
A practical way of studying the evolution of the inflationary process is through the analysis of the slow-roll regime. Since the beginning of the 2000s [14, 15] , it has been shown that the cosmological perturbation parameters (tensorto-scalar ratio, r, spectral indexes, n s and n T , and their runnings, α s and α T ) can be calculated through the horizon-flow parameters, n (also called Hubble slow-roll parameters), instead of the slow-roll approach given through a potential V [6, 16] . This has the advantage that n are model-independent parameters in the sense that they have a dependency on H and its derivatives only.
The relation of the cosmological observables with the n parameters has been obtained for inflationary models with a potential scalar field associated with the model. Even though the scenario presented in [13] does not have an explicit scalar potential V , it is plausible to consider that those equalities hold, as happens with quadratic curvature invariant models such as [8] . Moreover, in recent works on string theory where a scalar potential V is present [17, 18] , field equations similar to the ones shown in [13] have been obtained when an infinitely higher-derivative α corrections (with α the coupling constant of the string) are taken into account for the string scenario in cosmology. In this case, the computation of the cosmological observables can be obtained through the slow-roll approach.
In the present paper, we further explore a geometric modification to GR where more curvature scalars, besides R, are taken into account when the action is proposed. We analyze the inflationary epoch in the slow-roll approximation, using the horizon-flow parameters for six cases in the framework of this theory, where an initial exponential acceleration is predicted and then attenuated, as the scalar factor, a(t), grows, in such a way that the graceful-exit problem is solved and the evolution to late Universe, where Λ dominates, is naturally reached.
The theory
We will consider the action given in [13] :
where R + Λ is the standard action for General Relativity plus cosmological constant, R (n) are Lagrangian densities constructed by curvature scalars upto nth-order 1 , λ n are dimensionless couplings, and L −1 is playng the role of a new energy scale.
Properties of the theory
The equations of motion coming from this action have the following nice properties:
i) Second order linearized equations on maximally symmetric backgrounds [19] .
ii) Single-function Schwarzschild-like solutions and no-hairy black holes [20] .
iv) Graceful exit from their inflationary epoch [13] .
iii) Well-posed initial value problem for an homogeneous and isotropic Universe [13] .
The analysis regarding the well-posed cosmology was first introduced in [11] for the cubic case, and in [12] for the quartic and quintic case.
Modified Friedmann equations
In order to explore the cosmic evolution in the framework of the present work, we use the standard Friedmann-Lemaître-Robertson-Walker (FLRW) metric
where a(t) is the scale factor. The modified Friedmann equations corresponding to the t − t and r − r components are respectively
where we had considered a flat spatial curvature, k = 0, and
with F (H) ≡ dF (H)/dH. H =ȧ/a is the Hubble parameter, and ρ and P correspond to the density and pressure for a perfect fluid. Notice that if we set all the couplings λ n = 0, then F (H) = (ȧ/a) 2 ,ḢF (H)/H = 2(äa −ȧ 2 )/a 2 and the Friedmann equations for GR are recovered.
Slow-roll parameters for Geometric Inflation
As exposed in [14, 15] , the background evolution can be described by the horizon-flow parameters (HFP), n , also called Hubble slow-roll parameters (HSR) or Hubble flow functions (HFFs) [4] , defined by the expression
where 0 ≡ H(N i )/H(N ), and N ≡ ln(a/a i ) is the e-fold number since some initial time t i .
For the inflationary epoch, it is customary to neglect the Λ term, and consider only a radiation domination matter content, i.e., ρ = ρ r and P = (1/3)ρ r .
From this, the generalized FLRW equations, (3) and (4), and equation (6), we can rewrite the first three HSR parameters in terms of F (H) and its derivatives
Now it is possible to compute the cosmological observables tensor-to-scalar ratio r, the spectal indexes n S and n T , and their running α S and α T using the following expressions at second-order in n [15, 21] :
where C = ln(2) + γ E − 2 ≈ −0.7296, and γ E is the Euler-Mascheroni constant.
4. The models.
The models we are taking into account in the present paper are obtained under the method introduced in [13] . For an inflationary exponential F (H) model, it is convenient to rewrite and split equation (5) into an even and an odd part for the (−1) n factor, as follows:
where we have taken the constant, λ n , in the Lagrangian density of the action in (1), as the product of λ ).
Now, from the last expression, it is not difficult to choose conveniently the λ even n , and λ odd n coefficients for all n = 0, . . . , ∞, in order to obtain exponentiallike models. In the present work, we have chosen the six models presented in Table 1 .
The models were selected under the criteria of simplicity and proximity to the behavior of the standard cosmological model (with H approximately constant during the inflationary regime), omitting, in the present work, more elaborate models that can be easily constructed from equation (15).
Slow-roll results
We are interested here in testing the inflationary viability of models that belong to the modified theory given in [13] . Although we are considering particular models, that follow the above criteria, it is interesting to notice that any model constructed from (15) 
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H 2 + λH 12 L 10 e (HL) 12 * 0 1 n! Table 1 : Models of Geometric Inflation. Column 1 assigns a number to each model, column 2 shows the form of the F (H) function when values for λn odd and even (columns 3 and 4 respectively) are taken. In order to obtain de desired values of the power on the exponential, it is necessary to take equal to zero some of the λp(LH) p terms in equation (15) . In doing so, we had taken:
that the HSR parameters are functions of the quotient F (H)/F (H), leads to n parameters that do not depend on λ when N is large since the exponential term dominates over the quadratic one for large H. This is an unexpected nice property of the theory.
In order to analyze the standard inflationary parameters (r, n s , n T , α s , and α T ) we perform the computation of the HSR parameters, i , according to eqs.
(7)−(9), focusing at the e−foldings from N = 50 to N = 60, and compare our theoretical predictions with the values given by the Planck collaboration. Figure 1 shows, in the right side, the evolution of i from N = 50 to 60 for the six models (Top to bottom: 1-red, 2-blue, 3-green, 4-orange, 5-pink, and 6-purple). In the case of 1 , all models are within the constriction 1 < 0.0097
given by Planck (marginally for model 1) [4] . For 2 all the models are below the inferior bound reported by Planck at marginalized 68%: 2 = 0.032( +0.009 −0.008 ), while in the case of 3 , which is very loosely constrained, they are localized in 1 − 3 (middle) and 2 − 3 (bottom) with the marginalized 68% and 95% CL regions reported by Planck 2018 [4] are plotted. In the 1 − 2 space, we can clearly notice that model 1 is out of the 2σ region, model 2 is fully in the 2σ region while the other models reach, marginally, the 2σ contour. In the 1 − 2 space, model 1 is out of the CL's. Model 2 is also in the 2σ region and the other models are in the 1σ contour. Observational errors for 3 are still very large, nevertheless it is worth to notice that the predictions for 3 for all the models explored are located in the 95% CL region, 3 = 0.19( +0.55 −0.53 ), reported by [4] . In Fig. 1 bottom-right, all the models overlap, since 2 and 3 are almost equal, as can be seen in Fig. 1 middle-left and bottom-left.
According to eqs (10)−(12) we compute the predictions for the six models in Table ( 1) for r, n s , n T , α s , and α T . Figure (2) shows the evolution for each of these parameters from N = 50 to N = 60. Finally, we plot the tensor-to-scalar ratio r and the spectral index n s in figure 3 , we can notice model 1, 5, and 6 are out of the 95% CL regions while model 2 is fully contained in the 95% CL and models 3 and 4 reach marginally this countour. the constraints are 1 < 0.0097 (95% CL), 2 = 0.032( +0.009 −0.008 ) (68% CL) and 3 = 0.19( +0.55 −0.53 ) (95% CL). (Right) Combinations ( 1 , 2 , 3 ) predictions for models 1 − 6 with the 1 and 2σ confidence level regions reported by Planck Collaboration. Plot 2 − 3 seems overlaped for all models because the values for 2 and 3 are pretty similar, as is shown at left.
Conclusion
We have found that the gravitational modified theory introduced in [13] can achieve a viable inflationary epoch. Furthermore, all models considered in this work, but model 1, fulfill the slow-roll condition for 1 and 3 , not so for 2 where all models have values lower than the one reported by Planck 2018 for N = 50 to N = 60 at marginalized 68% (we cannot compare with the confidence value at marginalized 95% CL, since Planck does not report it).
However, when the relationship between values in 1,2 with respect to 3 is analyzed, all models, but model 1, are in agreement with Planck inflationary constrictions 2018, and partially contained in contour region for the relation
On another hand, it is interesting to notice that model 1 is the one that better fulfills the observational bound on n s at 1σ but is far on the other observational parameters.
In summary, the models presented here are potentially successful inflationary scenarios. Figure 3 , for which model 2 (which corresponds to model 1 in [13] and goes like exp(HL) 4 ) is fully contained in the 95% CL contour, is particularly noteworthing.
Although λ, related with the constant Lagrangian density coupling λ n , has been ignored in the present work owing to the independence showed for the inflationary epoch considered here, it should be possible to constrain it with observations at late universe [22] .
It is important to mention that, given that the constrictions presented by Planck 2018 are model dependent, the contours could change when the fiducial model is modified. In the case of the present theory, we could expect some changes regarding the values of Ω b h 2 and Ω c h 2 , nevertheless changes (if any) should be very small.
Finally, we want to remark that the theory of Geometric Inflation, in particular model 2, looks like a viable modified gravity for cosmology and is worthwhile to go further and explore it at some other cosmological and astrophysical scenarios.
